We present a calculation of the K ℓ3 transition form factors using the AdS/QCD correspondence. We also solidify and extend our ability to calculate quantities in the flavor-broken versions of AdS/QCD. The normalization of the form factors is a crucial ingredient for extracting |Vus| from data, and the results obtained here agree well with results from chiral perturbation theory and lattice gauge theory. The slopes and curvature of the form factors agree well with the data, and with what results are available from other methods of calculation.
I. INTRODUCTION
In this paper, we consider the extension of the anti-de Sitter space/quantum chromodynamics model (AdS/QCD) to allow broken flavor symmetry, and apply the model to the kaon system and particularly to the K ℓ3 form factors.
The connection between 5D gravitational theories on an anti-de Sitter space and 4D conformal field theories began as a correspondence between a type IIB string theory and an N = 4 super Yang-Mills theory in the large N C limit [1, 2, 3] . This has inspired an analytic model referred to as AdS/QCD connecting 5D theories living on an anti-de Sitter space to 4D QCD [4, 5] . Interesting results have been obtained for masses, couplings, and electromagnetic and gravitational form factors for vector, axial vector and pseudoscalar mesons. For a selection of these results, see [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] .
The K ℓ3 form factors describe the decays K → πℓν and are currently most known for the role they play in highprecision extractions of the Cabibbo-Kobayashi-Maskawa (CKM) matrix element V us . The form factors themselves are the K to π transition matrix elements of the strangeness changing vector current. There are two K ℓ3 form factors, bespeaking the fact that the strangeness changing current is not conserved, and has a longitudinal as well as a transverse part. Experiments measure the product of the form factors and |V us |. Hence the extraction of |V us | from the K ℓ3 -decay measurements depends on having a reliable calculation of the form factor normalization. So far, these calculations have been from chiral perturbation theory [23, 24, 25, 26] or from lattice gauge theory [27, 28, 29, 30, 31] . Here we will present a first calculation of these form factors from AdS/QCD. We will also solidify and extend our ability to calculate quantities in the flavor-broken versions of AdS/QCD.
Our form factor normalizations can be compared to those obtained from other calculational methods, our slopes can be compared to data as well as to other calculations, and since we calculate using an analytic method, we can also obtain a curvature that can be compared to experimental data. All comparisons of results to other methods and to data show good agreement, as will be detailed below.
We work with general mass pseudoscalar mesons. Previous results known to us worked in the chiral limit or calculated some quantities using expansions valid at small mass. In particular, while we can neatly derive the GellMann-Oakes-Renner (GOR) [32] relation in the chiral limit, we do not use it to obtain any of our results and can test to see how accurate it is at given quark mass.
Section II reviews AdS/QCD with notation pertinent to several quarks of differing masses. Section III gives results obtained from two-point functions, including bulkto-boundary propagators, masses, and decay constants, focusing on differences from the flavor symmetric case, in particular considering scalar mesons along with vector, axial vector, and pseudoscalar mesons. Section IV contains algebraic results for the form factors, with the numerical results given in Sec. V. Closing remarks are offered in Sec. VI.
II. THE ADS/QCD MODEL
We will use the following metric for the 5 dimensional Anti-de Sitter space
where the metric of the 4 dimensional flat space is η µν =diag(1, −1, −1, −1). The cut-off at z = ε (with ε → 0 implied) corresponds to UV cut-off in QCD, while the hard-wall cut-off at z 0 corresponds to IR cut-off, Λ QCD , to simulate confinement. According to the AdS/CFT correspondence, for every operator in 4 dimensional theory there is a corresponding field in the AdS 5 space. Operators of our interest are cur-
and quark bilinearψ q L ψ q R . In the AdS 5 space, these operators correspond to gauge fields L a µ (x, z), R a µ (x, z), and a scalar field X(x, z) respectively. Following [4] , we will consider a 5D action with SU(3) L ⊗ SU(3) R symmetry as follows
.
(2) The field strength is defined by F
MN . The scalar field X and gauge fields interact through the covariant derivative
such a way that the action is chiral invariant. We also use the vector and the axial-vector field defined from L = V +A and R = V −A.
The theory begins as one that has SU(3) L ⊗ SU(3) R symmetry, and one would like to maintain as much of the symmetry as possible even when going to massive quarks and in particular to flavor non-symmetric quark masses. In a chirally symmetric world, the action is invariant as the X field transforms via
One can expand X as
whereupon an axial transformation (which has U † L = U R ) induces to leading order a shift in the pion field, π ′ a = π a − θ a , where θ a is a parameter in the transformation
a t a and is consistent with π a being a pseudoscalar field. With flavor symmetry, X 0 is a multiple of the unit matrix and commuting, so one can easily write X = e 2iπ a t a X 0 , as has often been done. However, in the flavor non-symmetric case, this would make π a appear to be associated with left-handed transformations rather than with axial transformations, and gives it unexpected parity properties and mixing with vector as well as with axial vector fields. For example, one obtains a quadratic term in the Lagrangian proportional to
, which will violate 4D parity when X 0 is not proportional to the unit matrix. (With the split exponential, one gets cancellations rather than just commutators.) Shock and Wu [33] have early on considered threeflavor extensions of AdS/QCD, although keeping X = e 2iπ a t a X 0 . They did not study the more dynamical quantities like form factors, but did obtain many good results for masses and decay constants. However, as they themselves point out, they did not obtain good results for the ground state pseudoscalar kaons with the same parameters that gave good results for the more excited strange mesons. With the exponential split, as we think it should be, one obtains good results for pseudoscalar as well as strange axial and vector (and even scalar) meson states.
Katz and Schwartz [34] also considered flavor-broken AdS/QCD, although their main focus was on the U(1) problem and also did not study form factors. They also kept X = e 2iπ a t a X 0 , but only explicitly studied the part of the action that mixes the axial vectors with the pseudoscalars, where problems do not appear. We might remark already that they used the GOR relation to get the strange quark mass. The GOR relation becomes less valid as the quark mass increases, and using a different method to fix the strange quark mass, we find a larger value than they quote.
Hambye et al. [35] also studied three-flavor AdS/QCD, focusing on quantities that are calculated from four-point functions such as the purely hadronic K π2 decays or the B K parameter needed to calculate K 0 -K 0 mixing. They work in a limit where all quarks are massless, and so have X 0 = X = 0. Hence their subjects and their approximations do not greatly overlap with the present paper, although we plan to consider quantities obtained from four-point functions in future work.
Turning off all fields except X 0 (z) and solving the equation of motion, one obtains
where ζ is a rescaling parameter [36, 37] 
In general σ s = σ q . However, we will also consider the limiting case when σ s = σ q , as an analytic solution for the vector field can be obtained.
Regarding the quark masses and the quark condensate parameter σ, we adopt a normalization parameter as advocated in [36, 37] , wherein quark masses are multiplied by a factor ζ = √ N C /2π [38] compared to earlier conventions and σ is divided by the same factor. One can, of course, view the quark masses and σ in AdS/QCD as parameters of this particular model, and many important quantities, including the GOR relation and most of the results in this paper, are unchanged by this rescaling. However, the rescaled parameters allow a precise connection to the two-point correlation function of the quark condensate at small distances, which is known from perturbative QCD, and also leads to a better agreement with mass parameters at the hadronic scale and with the quark condensate as obtained from methods disconnected from AdS/QCD. Quark masses obtained from AdS/QCD had generally been strikingly low and the quark condensate strikingly high, but following [36, 37] one can argue that the disagreement was a matter of having incommensurate definitions.
III. TWO-POINT FUNCTION
Up to second order in fields, the action can be written as
where contraction over η ML is implicit. The mass combinations come from
or,
where
For later convenience we define
As shown in Eq. (5), the vacuum solution contains both explicit and spontaneous symmetry breaking parameters, M ij and Σ ij respectively. The parameters m q and m s in the 5D theory are usually considered to be explicit symmetry breaking, and give quark mass terms in the 4D theory that are also explicit symmetry breaking. The condensate parameters may be considered spontaneous symmetry breaking, but in the absence of the quark mass parameters (i.e., in the chiral limit where the m q and m s go to zero), one expects that the condensate parameters are all the same. Hence one may argue that the differences in the condensate parameters do arise from explicit symmetry breaking. Since the M a V functions depend only on differences v s − v q , one can say that they would be zero if there were only spontaneous symmetry breaking. In this limit, the masses of the vector mesons in the same octet are degenerate.
The axial sector of action (7) is invariant under gauge transformation,
Hence, we are free to set A a z = 0. For the vector sector, the mass term destroys the gauge freedom for a = 4, 5, 6, 7. Hence, we can set V a z = 0 only for a = 0, 1, 2, 3, 8. We will show that the non-vanishing V z is related to the non-vanishing longitudinal part of the vector field.
A. Vector sector
The vector field satisfies the following equation of motion
For the transverse part, ∂ µ V a µ⊥ (x, z) = 0, one obtains
where q is the Fourier variable conjugate to the 4 dimensional coordinates, x. We shall write the vector field in terms of its boundary value at UV multiplying a profile function, or bulk-to-
, and set V a (q 2 , ε) = 1 (Note that there is no summation over the group index a of the profile function). The boundary value V 0 µ a (q) acts as the Fourier transform of the source of the 4D conserved vector current operator. At the IR boundary, we choose Neumann boundary condition ∂ z V a (q, z 0 ) = 0. In the Σ ij = σδ ij limit, the solution can be written in terms of Bessel function
for q 2 > α a , and
for q 2 < α a , whereq = q 2 − α a andQ = α a − q 2 . Near the UV boundary, the profile function can be written as
The longitudinal part of the vector field, V a µ = ∂ µ ξ a and V z are coupled as follows
where we define V a z = −∂ zπ a and ξ a =φ a −π a . The constancy of α a (z) when Σ ij = σδ ij simplifies above equations into
This is precisely the equation for the transverse part of the vector field. Fixing boundary conditions asφ a (q, ε) = 0 andπ a (q, ε) = −1 on the UV brane and Neumann boundary conditions on the IR brane, one concludes that in the limit where σ s = σ q = σ the profile function for the longitudinal and the transverse part of the vector field are identical, ξ a (q 2 , z) = V a (q 2 , z), with a solution given by Eq. (15) . In general, this is not the case, and both ξ a and V a can be solved numerically. For a = 1, 2, 3, 8, longitudinal vector fields are unphysical in the sense that they can be eliminated by fixing the gauge, V a z = 0. Two-point functions can be calculated from the AdS/QCD correspondence by evaluating the action (7) with the classical solution and taking the functional derivative over V 0 µ twice. One obtains
where 
Hadrons correspond to normalizable modes of the 5D fields. These modes should vanish sufficiently fast near the UV brane such that the action is finite and at IR brane satisfy Neumann boundary condition. The eigenvalue, q 2 = M 2 n , is the squared mass of the n-th Kaluza Klein mode. We expect vector mesons to be normalizable modes of equation (14) and scalar mesons to be normalizable modes of Eqs. (18) and (19) . In the Σ ij = σδ ij limit, the scalar meson has identical mass with the corresponding vector meson. However, for a = 1, 2, 3, 8, longitudinal modes are unphysical. Hence, the lightest scalar meson obtained from the longitudinal mode of the vector field is a strange meson, K * 0 . Regarding scalar mesons in AdS/QCD, see also Ref. [36] .
As a remark, we may note that one could include a scalar field explicitly by defining X, similarly to [36] , as
with S = S a t a (ignoring the scalar singlet). In this case, after some manipulation, the quadratic terms in the action involving V a M and S b for a, b = 4, 5, 6, 7 become where one can show that the square bracket on the last line is zero. Redefining the the vector field,
one obtains a massive vector field and eliminates the scalar field, and the action becomes like the one we use here. When the condensate parameters are all the same, wave functions for the vector mesons are given by
with normalization condition, (dz/z)ψ a n 2 = 1. In particular, we obtain an infinite tower of KK rho mesons for a = 1, 2, 3, the corresponding tower of K * mesons for a = 4, 5, 6, 7, and ω 0 mesons for a = 8. The Neumann boundary condition on the IR gives J 0 (M ρ n z 0 ) = 0. Identifying the lightest mode as the rho meson, we can fix z 0 parameter of the model. Figure 1 shows wave functions of the three lightest vector mesons. By our choice of boundary conditions hadrons wave functions localized closer to IR brane than to UV brane.
The presence of J 0 (qz 0 ) on the denominator in Eq.(15) indicates the existence of poles for timelike q. More precisely, the profile function can be written as a sum over mesons poles
where F a n = |∂ z ψ n (ε)/(g 5 ε)|. From Eq.(21), F a n can be identified as the decay constant of the n-th KK vector meson,
One can substitute the above expansion of the profile function into (21) and obtain self energy function as a sum over narrow mesons poles. A well known signature of large N c QCD, which is intrinsic to the AdS/QCD correspondence.
B. Axial sector
where longitudinal part of the axial-vector field denoted by
Note that these equations as well as boundary conditions are analogous to the longitudinal part of the vector field.
In order to solve the coupled equations, one can combine Eq. (29) and (30) into a second order differential equation, defining y a (q 2 , z) = ∂ z φ a (q 2 , z)/z, to obtain [16] 
(31) In this notation, the boundary condition at the IR limit is given by y a (q 2 , z 0 ) = 0 which is nothing but ∂ z φ a (q 2 , z 0 ) = 0. At the UV boundary, Eq. (30) and boundary conditions of π and φ, give ε∂ z y a (q 2 , ε)/β(ε) = 1. Near the UV cut-off the profile function can be written as
Notice that although the above solution blows up logarithmically at UV, the profile functions φ(q 2 , z) as well as π(q 2 , z) do not, because of a multiplication by z in their definition.
Pseudoscalar hadrons in the axial sector are pions, kaons and etas. Explicitly, π a field can be written as follows The corresponding normalizable modes, denoted by y a n (z), satisfy Eq. (31). Their eigenvalues, q 2 = m a n 2 , are the squared mass of the corresponding hadrons. As in the vector sector, the axial sector allows not a single mode but an infinite tower of KK modes. These modes satisfy y a n (z 0 ) = 0 at the IR boundary, consistent with ∂ z φ a n (z 0 ) = ∂ z π a n (z 0 ) = 0, and ε∂ z y a n (ε)/β a (ε) = 0 at the UV brane, consistent with φ a n (ε) = π a (ε) = 0. Near the UV boundary, the normalizable mode behaves like
or equivalently φ n ∼ a 0 z 2 /2 and π n ∼ m 2 n a 0 z 2 /(2β a (ε)). The coeffiecient a 0 is determined by the orthonormality condition
These normalizable wave functions can be solved numerically. Using this normalization, the dimension of the normalizable modes is different from the dimension of the profile function. We use it because it is well behaved for the ground state in the chiral limit (despite the 1/m a n 2 on the right-hand-side). A plot of π n and φ n , for n = 1 and n = 2, is shown in Fig. 2 . Let us derive how the profile function, y a (q, z), can be written as sum over normalizable modes, y a n (z). First, we write y a (q, z) = c a n (q 2 )y a n (z). Multiplying the left and the right hand side of the equation by z(q 2 − m a n 2 )y m (z)/β a (z), then integrating over z, one obtains
after integration by parts and imposing the equation of motion (31) . The second term and the upper limit of the first term vanish by the boundary conditions of y a (q, z) and y a n (z). Hence, ignoring the non-pole terms, the profile functions can be written as
which can be integrated to obtain
where f a n = −∂ z φ a n (ε)/(g 5 ε). Axial current-current correlators are analogous to Eq. (21),
from which, one can identify f a n as the decay constant,
The value M Table I and the additional four observables are f + (0), λ ′ + , λ ′′ + and λ 0 , from the kaon to pion transition form factor discussed in Sec.V. The quark masses given here include the normalization parameter suggested in [36, 37] . The AdS/QCD quark masses are renormalization scale independent. In QCD the quark masses do evolve with renormalization scale. We should compare our masses with experimental QCD values of the quark masses at a low renormalization scale, say 1 GeV or perhaps a bit below. The quark masses quoted by the particle data group [39] evolved to 1 GeV using their prescriptions are in the range 3.4-7 MeV for m q and 95-175 MeV for m s . Predictions of the model for masses and decay constants using terms up to second order expansion in the fields of the 5D action are summarized in Table I . These may be compared to results in [33, 34, 40] .
C. Massless pion limit
The AdS/QCD model has consequences of chiral symmetries, such as the Gell-Mann-Oakes-Renner relation (GOR), as shown in [4] . Here, we will present a slightly different derivation, starting from the normalization condition, Eq. (35) . As noted in [4] , the weight function z/β(z) has significant support only for z close to z c = m q /3σ, hence, the normalizable wave function y n can be evaluated at z ∼ ε and moved outside the integral. Away from z c , the weight function decays very fast, hence the upper limit integral can be replaced by infinity. Noting that from just after Eq. (38), y n (ε) = −g 5 f π , we obtain
The GOR relations immediately follow, f As m π approaches zero, the GOR relation becomes exact. Fixing f π to experimental data, parameter σ q approaches (331.6 MeV) 3 . In this limit, the π 1 (z) normalizable wave function becomes constant, π 1 (z) = −1/(g 5 f π ), throughout the region of interest with a step function-like jump near the UV boundary. The wave function of the lightest mode can be solved analytically in terms of modifed Bessel function. Defining η = g 5 σ/3, one obtains
where,
Evaluating y 1 at UV boundary, we obtain an equation relating f π and σ in the chiral limit which is in perfect agreement with previous result [14] . One should notice that n > 1 KK pions still present in the chiral limit.
IV. THREE POINT FUNCTIONS AND FORM FACTORS
The transition form factors for K ℓ3 decay is defined from [39, 41] 
with q = k − p. By isospin, they could equally well be defined using the K + → π 0 transition. Only the vector part of the current contributes. Further let
so that f + and f 0 come from the transverse and longitudinal parts, respectively, of J (|∆S|=1) µ . Unless f − (q 2 ) diverges as q 2 → 0, one has f + (0) = f 0 (0). One may also write
to show the SU(3) flavor indices. In AdS/CFT or AdS/QCD, the three-point functions involving three currents are obtained by functionally differentiating the 5D action with respect to their sources, which are taken to be boundary values of the 5D fields that have the correct quantum numbers [2, 3, 12, 19] . To wit,
where S(V ππ) is the relevant part of the 5D action evaluated using classical fields that solve the equations of motion with z = 0 boundary values
Matrix elements of the current are obtained from the three-point functions using [12, 19] ,
from which we obtain the form factor f + . A similar expression for the longitudinal part of the current J µb (0) using V 0b µ (y), allowing us to obtain the scalar form factor f 0 .
The relevant part of the action receives contributions both from the gauge terms and the chiral terms. Keeping only terms that have one vector field and two pion fields (either φ a (x, z) or π a (x, z)) one obtains
The f abc terms come from the gauge part of the original action, and the other terms come from the chiral part. We have defined
If none of a, b, or c is equal to "8", these become
The derivatives indicated in Eq. (47) are facilitated by going to Fourier transform space and using the rela-tions [14, 20] ,
With experience, one can use the above translation dictionary to obtain form factor results quite quickly. Incidentally, in the limit of having the same quark condensate parameter σ for all flavors of quarks, one can show that the bulk-to-boundary propagator V b (q 2 , z) for the transverse case is identical toφ
For the transverse form factor, the V z terms in the action, Eq. (49), do not contribute. One obtains,
where φ a and π a are now ground state normalizable eigenmodes, with subscript "1" tacit. The superscripts on φ a , π a , and V b are the flavor indices for quantities with pion or kaon quantum numbers. We are working in the isospin conserving limit, so that the φ a are the same for a = 1, 2, 3 and again the same for the set a = 4, 5, 6, 7, and similarly for π a and V b .
As a check, in the equal mass limit, v s = v q = v, the transverse K ℓ3 form factor should by SU(3) symmetry be the same as the electromagnetic form factor. One obtains in this limit ple from the unitarity relation, then all the above values of f + (0) are in agreement with experimental data. More usually, the calculations are taken to be accurate within the stated limits, and are used to extract the most precise available values of |V us | from the data.
Experiments also measure the slope and curvature of the K ℓ3 form factors. For f + , both the slope and curvature can be fit, and are parameterized as [39] 
while for f 0 (q 2 ) there is a linear fit
Values for the parameters are given in the Table. For the experimental data in Table II , we took the numbers from the FlaviaNet Working Group on Kaon Decays [41] . Additionally, [30] quotes a result f − (0) = −0.113 (12) . The intercept f − (0) can be related to the slope parameters, 
VI. CONCLUSION
We have extended the AdS/QCD model of Ref. [4, 5] to SU (3) L × SU (3) R model with a broken flavor symmetry. In order to introduce quarks with differing masses, we write the X field with the exponentials of the pseudoscalar field split symmetrically about the classical expectation value X 0 . We find that neither the longitudinal part of the vector field nor V z can be gauged away for a = 4, 5, 6, 7. If instead of using the symmetric form, one expands X = exp(i2π a t a )X 0 , as can certainly be done when X 0 is a multiple of the identity, the longitudinal part of the vector field and V z will in general mix with the π field, hence with the longitudinal part of the axial-vector field, and give a parity violating term in the Lagrangian.
We have done both a four parameter and a five parameter fit. The four parameter fit constrains the condensate parameter to be flavor symmetric, σ s = σ q , and the other four parameters are fit to the rho meson's mass, pion's mass, pion's decay constant and kaon's mass. Predictions of the model for the non-dynamical properties of mesons such as masses and decay constants are within 20% of the experimental data. There is an infinite KK tower of pions present, just as there is for vector and axial vector mesons. For three-point functions, we have calculated kaon-to-pion transition form factors, f + and f 0 and obtain excellent agreement with experiment for the slope as well as for the curvature. We further find that the intercept, f + (0), agrees very well with lattice and chiral perturbation theory calculations.
The five parameter fit allows σ s to vary from σ q , and we performed a global fit to fifteen observables, including the intercept, slope, and curvature of the K to π transition form factors. The results were again good, comparable to though somewhat improved as expected compared to the four parameter fit. The best value of the strange condensate parameter was close to the value in the nonstrange sector.
We could perhaps add that we found the intercept f + (0) to be somewhat touchy. A drift of either m s or σ s away from the best values could lead to a significant decrease in its value. On the technical side, in the chiral limit, f + (0) becomes normalized to unity. This is because the profile functions V b (q 2 , z) in the chiral limit are unity at q 2 = 0 for all z and all b, so that f + (0) becomes just a wave function normalization integral. However, when differing quark masses and differing condensate parameters are used, the profile function at q 2 = 0 is unity only for z = 0 and can drift quite far from unity as z approaches the IR cutoff, particularly if σ s gets far from σ q .
A lack within the AdS/QCD framework is the absence of error estimates. On the other hand, in the present context, it should be remembered that the form factor at q 2 = 0 is fixed by a normalization requirement in the equal quark mass limit, so what is really being calculated for f +,0 (0) is the difference away from unity. Here a 10-20% error suffices match the error estimates quoted from other methods. Possible extensions of present work include calculations of four-point functions to obtain the B K parameter and K π2 decay amplitudes [35] , to consider isospin breaking in the context of the present model, and to use AdS/QCD as a method to study how differing quark mass and hence differing pion mass affects the calculated results, and compare the trends that are found to lattice gauge theory. We hope to return to these topics in future work.
